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It is shown that the problem of continuity of the elasticity theory equations for
composite domains can be reduced to an operator equation with a  positive
operator in the contact stresses, By using the Ritz method, this permits re-
duction of the problem about the combined elastic deformation of a welded
cylinder and layer to a system of linear algebraic equations, It is established
that the ratio between the compressive force and the magnitude of the dis~
placement of the cylinder upper endface, calculated by means of the approx-
imate solution, will tend to the exact value as the order of the algebraic sys~
tem increases without limit,

Problems about the contact of elastic bodies described in cylindrical coor -
dinates have been solved in different formulations in recent years, Thus the
problem of the adhering of a cylinder to a half-space has been examined in
[11. Approximate satisfaction of the continuity conditions in the contact zone
is achieved by using the method of collocations, and the condition of no
stresses on the cylindrical surface is reduced to an additional infinite system,
The problem for an elastic half-space with an infinite cylindrical projection
is reduced in [2] to a coupled infinite algebraic system and an integral equa -
tion solved by successive approximations, It should be noted that the first ap~
proximation obtained in [2] in the form of a series for the contact stresses has
a logarithmic rather than a power singularity at the angular points, as it should
[3,4]. Under the assumption of no tangential contact stresses, problems about
the impression of an elastic cylinder in a half-space or a layer have been ex -
amined in{1,5,6].

1, General theory, Let us consider two homogeneous isotropic elastic bodies
(the domain D,, D,) welded along a finite surface Q (the requirements of homog-
eneity and isotropy are advanced only to simplify the exposition), In addition to the
elasticity theory equations and the appropriate boundary conditions (generally mixed),
conditions for the continuity of the displacesments and stresses

u; = U,, Fl = — F2 (1.1)

should be satisfied on Q ,

The following vector-functions defined on € have been introduced here: u; are
the displacements of those points of the body D; locatedon & , and F; are the
contact stresses (i = 1, 2).

Let us imagine the body D, isolated, and let us solve the problem of determining
the displacements originating for the given external effects in D, by assuming no
stresses on the part Q of the boundary; we denote the trace of this solution on Q
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by wu°. We introduce the vector-function u,° for D, analogously.
Now giving the stresses F; (i =1,2) on Q , we define the operator A;
for the body D, , which compares F; to the increment of the displacements of

points of
AiFi =U; — ui° (1.2)

We consider the operator A; in the Hilbert space L, (Q), whose elements
are vector-functions defined on Q and the scalar product is given by the relation -
ship (@, $) = \ @-pdQ (the dot is the scalar product of three-dimensional vec-
tors); || - || 9isthenormin L, (Q).

The operators A; (i = 1, 2) are linear, self-adjoint, and also positive,i.e.,

(A, @) >0 for | @[ > 0. The former is evident, while the latter follows
from the Betti theorem, The third assertion is proved in an analysis of an auxiliary
boundary value problem for D; when conditions that the displacements (or stresses)
be equal to zero are given on that part O; (or B;) of the boundary of the body D;
where geometric condition (or conditions on the stresses) underlie the problem, We
then have u;° = 0, and the property of positivity of A; turns out to be a corollary
of the Clapeyron formula [7].

By using the operators introduced, the conjugate conditions (1,1) can be written
as an operator equation with the positive operator

AF =v° (L.3)
(A=AI+A27 u°=u20___ulo, F=F1 = -—-Fg)

Let us recall that u;° (i = 1, 2) is determined by means of the boundary con-
ditions of the problem, and let us also note that the second of the conditions (1,1) will
be satisfied exactly, and the first approximately, for an approximate solution of (1, 3).

An additional investigation shows that the operators A,, and therefore, A also,
are only positive but not positive -definite (see the definition on p, 73 in{8]).

Let us show this in an example,

Example, We examine the mixed axisymmetric problem on the torsion of an

elastic half-space « <0 by a rigid stamp of unit radius (R = {(p, 9, 0) : p < 1},
(P, @, 7} are cylindrical coordinates, and ¥ is the angle of stamp rotation). If

it is assumed that the operator A«Fx = Uy connecting the contact stress F, =
{0, Teglyg) O} to the displacement u, = {0, ¥, 0} of points of thestamp, is positive-
definite, then we should have F, =L, (Q) [8], which is impossible since the con=-
tact stresses have a singularity which is not square integrable in this case [9].

Therefore , the problem of finding the solution of (1, 3) is not correct [10], Hence,
firstly questions of the existence of a solution of this equation should be studied  with
relidnce upon additional investigations , forinstance, with the use of [11—13]; secondly,
the usual (for example, projection) methods of solving (1, 3) approximately may turn
out to be of low efficiency for the evaluation of the contact stresses, This may elicit
the necessity to use regularization methods (see [10] as well as [14], where regular-
izations are attained by using the extraction of stress singularities at angular points in
the mixed problem of elasticity theory).

The uniqueness of the solution (1.3 ) follows from the positivity of the operator A.
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The above elucidation permits further application of the Ritz method to the prob-
lem of contact between a cylinder and a layer, Let us hence recall (see [8],Ch. V)
that the problem of finding the solution of (1, 3) can be reduced to an equivalent vari-
ational problem of seeking the minimum of the quadratic functional

¥ (F) = (AF,F) — 2(F, v°) (1.4)

whose approximate solution ~ F(™) (N is the number of coordinate functions relied

upon) converges to the true solution F* as N — 0o in the energy norm (in the
metric of the operator A ) upon compliance with the conditions of completeness and
linear independence of the system of coordinate functions, and the value of the func-
tional W, calculatedby means of the approximate solution tendstoits minimal value

¥ (F™) = — (@, F™) | ¥rtny, N - oo (1.5)
while decreasing monotonically .

2, Formulation of the problem, Letus consider the axisymmetric prob-
lem of the joint elastic deformation of homogeneous isotropic layers of thickness Hf
and a cylinder of radius @ and height [ welded to it by assuming that the upper
endface of the cylinder is displaced by a quantity w°,

Referring all the linear dimensions to the cylinder radius, we introduce the system
of dimensionless cylindrical coordinates (p, ¢, %), as well as the notation

l=Lla, h = Hla, w,, = vw’la

Furthermore, let us assume that there are no shear stresses at points = = I of
the surface, and let us pose the condition of no displacements,say,at £ = —h . We
consider the remaining parts of the elastic body surfaces stress-free.

Ascribing the superscript 1 to quantities referring to the cylinder, and the super-
script 2 to the layer, we write the boundary conditions of the problem and the ad-
joint conditions

09)(115”)=T§c13(1,x)=0, 0z <! (2.1)
w(l)(p’ l) = Wy, T:(aclg(p, l) = 01 0g<px!t (2.2)
U(2)(p,—h)=w(2)(p,—h)=0, 0<p< oo (2.)
0'9)(9,0)=T,(,¢29)(p,0)=0, 1<<p<L oo (2.4)
oD (p,0) = o (p,0) = (p), TR (P, 0) = T3 (0, 0) = T(p), .5)
o<<e<t ’
w0 (p, 0) = uh (p, 0), w(p, 0) = w (@, 0), 0<p <! o6)

Here {u, 0, w} is the displacement vector in the cylindrical coordinate sys-
tem, O, Txp, . . . arI€ the components of the stress tensor, o (o) and T (p) are
unknown contact stresses.

8, Construction of the solutions, The solution in the layer can be



160 AN, Zlatin

obtained by using the Papkovich — Neuber representation and the Harkel integral (see
{1531, Ch,111). Omitting the sufficiently awkward calculations, let us just present the
formula expressing the displacement of points of the surface z — 0  in terms of the
contact stresses (conditions (2,3) —(2. 5) are hence satisfied).

w® (p, 0) = ‘017 S To (Ap) Fy () dA (3.1)
0
.
u® (p,0) = =\ 71 (hp) Fy (h) dh

DI o

Fr(A) = frr (Me) ) 0 (8) Jo (AE) E dE + fra (M) ST (€) J1 (M) EdE

E=1,2

{;: Em = 2(1 —vo) [(3 — 4vy)shpchp Fpu] /A (w)

Frz (W) = fa(u) = [(1 — 2v,)(3 — 4vy)sh’u — p2l/A (p)
Au) =41 — )2+ -+ (3 — dvy)sh?

For p & [0,1] the equalities (3. 1) determine the specific form of the operator
A, introduced above,

We construct the solution for a cylinder by relying on the so-called "homogeneous
solutions” satisfying the conditions (2.1) on the absence of stresses on the side surface,
In constrast to the layer,the operator A, for the cylinder can be constructed ex~
plicitly only in the case when the contact stresses ¢, T represent the superposition
of traces of the homogeneous solutions on the surface x = 0

o (p) = 2G, };Jck(’k ), T(p)=2G ;rkckfk (0) (3.2)

In this case, by taking account of (2,2), weobtain
w (p, 0) — wy = AriCiwx (), u® (p,0) = Zbkuk (0) (3.3)
K

The summation sign here extends over all integer %, C,  is a sequence of com-
plex coefficients, C, isreal,and all the quantities corresponding to the numbers

k and —k are complex conjugates, Moreover , we have introduced the notation [6 ]
Op=1, oy= —ﬁf_)_, To==0, T,=c¢
P

! Vi . ’ ’
T’ TFw, P U= + 8

r0=1, rk=pktrhpkl, k=i1,i‘2,...
er = & (0) = Jo(px) Jo (Px0) + pJ1 (Pk) J1 (Prp)
O = Ok (p) =2 (1 — vi)J1 (k) Jo (Pk0) / P

Wy = wy = &g — O, Uy = —
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where py arethe complex roots of the equation 2[(1 — v;) — p®lJ,? (p)=p?J,? (p)
in the right half-plane, and the prime is the operator of differentiation with respect to
the argument p.

4, Reduction of the problem to a system of linear algebraic
equations, Letususe the Ritz method: assigning contact stresses in the form  of
finite sums of homogeneous solutions

FOO = (1,0,00), t) =26, ) rCym, (o) @1
i<y -

A

oM =26, 3 Cyoy(p)
k<N

we calculate the value of the functional ¥ in(1.4) by means of F(¥) by taking
into account that the operators A,, A, are determined by the right sides of (3, 1)and
(3.3), while the conditions (2.1) —(2.4) define in the case under consideration

w=u’={0,0,w}, u’=0

Minimizing ¥ (F(Y)) in the coefficients Cy, | k| < NV, weamive at a
complex system of linear algebraic equations which can be given the following form:

W ey _ [fn=0 (4.2)
(kéN(Yk+vnk) K {o,nzii,iz,...,iz\f

Here
Xk'zck/w*v ngz/Gl

1 1
¥R =7\ ou (@) wi (o) p dp + 1 § 7 (P i (0) p dp
0 [}

W2 = DM an W@ (M) dh, Do (A) = £11 (M)

0

D0 (M) = Dy (M) = f11 (MR) — A7 1o (MR)
@, (A) = fi1 (M) — 207414 (AR) + A4, (M)

1

ak(%):gvk(p)fo(%p)pdp, nk=041,42 ..., +N
0

Notes, 1°, The X, in the system (4, 2) is a real unknown and the equation
corresponding to n = 0 contains only the real part, The determinant of the system
is different from zero,

2°, The coefficient matrix of the system (4, 2) is symmetric since Y =
Vin®s Py = V4, ¥, The latter is obvious, while the former follows from the Schiff
relationship of generalized orthogonality [16], which can be given the following form
1
0, nr=tk

Vion @ ey 1= @, oo = {0 "%

0
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3°, The assumption about completeness of the system of homogeneous equations
for a cylinder, expressed in [17], has been proved at this time only for the case of no
displacements on the cylindrical surface [18] although analogous solutions for hailf-
strips have been studied in more detail [19],

5. Letus turn to a calculation of the stiffness C of an elastic system by under-
standing C to be the ratio of the force P compressing the cylinder to the layer
and the displacement w, of the upper cylinder endface,

The approximate value of the stiffness C(¥), calculated by means of the sol-
ution (4. 1) of the system (4, 2), is expressed only in terms of the zero component of

this solution L

\ o™ () pdp = 26, X

0

20 (5.1)

Wy

C(N)

as is easily shown,
Moreover , let us note that the value of the functional ¥ in the approximate
solution in the case under consideration is also expressed only in terms of X o™ (see
: 5.2)
¥ (FY) = — 206w XY

Comparing (5,1) and (5, 2), then on the basis of (1,5) we arrive at the following
deduction which justifies the application of the Ritz method to the problem of contact
between a welded cylinder and layer: the approximate value of the stiffness C(V),
calculated by means of the solution of the system of V' -th order algebraic equations ),
(4.2), converges to the true value of  (Cas )V oo by growing monotonically, The nu-
merical determination of the quantity (' canbe carried outby a scheme triedoutin [6],

6. Notes, Use of the Ritz method to solve the problem considered above does
not permit investigation of the behavior of the stresses in the contact region. As regards
the type of singularity in the stresses at the boundary of the contact zone, it is known
and is the same as in the plane problem about the contact of a half-and a quarter-
plane (see [20], say).

Without considering (1,3 ) in certain problems similar to that considered above,
the solution is successfully reduced to an infinite system of linear algebraic equations
upon satisfying the adjoint conditions (for example, let us mention [21,22], where
problems of the combined torsion of a cylinder and a layer are considered), A trun-
cated infinite system hence agrees with the system obtained in solving (1,3) by the
Ritz method,and the need to use existence and uniqueness criteria of the theory of in-
finite systems drops out (see [23], Ch,1, Sect.2).

In conclusion, let us note that the method of solution elucidated can be used ef-
fectively in solving different (both fundamental and mixed) problems of elasticity
theory and mathematical physics in the case of domains which are a combination of
subregions bounded by coordinate surfaces, Some problems of mathematical physics will
reduce to equations with positive~definite operators, which will improve the quality of
the approximate solutions obtained,

The author's thanks to Ufliand for continuous interest and consultations, and to
Tropp for reading the manuscript and useful advice,



10,

11,

12,

13,

14,

15,

16,

Variational method of solving a contact problem 163

REFERENCES

Khadem, R,and O*' Connor, J.J., Axial compression of an elastic circular
cylinder in contact with two identical elastic half-spaces, Internat.], Engng
Sci,, Vol, 7, No,8, 1969,

Vasil'ev,V.Z,, Stress concentration in a half-space near a cylindrical pro-
jection under axisymmetric loading, Izv, Akad., Nauk SSSR,Mekhan, Tverd,
Tela, No, 4, 1974,

Zak, A.R,, Stresses in the vicinity of boundary discontinuities in bodies of re~
volution, Trans., ASME, Ser, E, J, Appl, Mech,, Vol, 31, No,1, 1964,

Kalandiia, A.I,, Remarks on the singularity of elastic solutions near corners.
PMM, Vol, 33, No,1, 1969,

Aihara Tamihiko, On the stress distribution in elastic contact between the
flat end of a circular cylinder and a semi-infinite body,Bull,JSME, Vol, 13,
No, 120, 1975,

Zlatin, A,N, and Ufliand, [a,S,, Axisymmetric contact problem on the
impression of an elastic cylinder into an elastic layer, PMM, Vol,40,No. 1,
1976,

Lur'e, A,I,, Theory of Elasticity, "Nauka”, Moscow, 1970,

Mikhlin, S.G., (English translation), Variational Methods in Mathematical
Physics, Pergamon Press, Book No, 10146, 1964,

Rostovtsev, N,A,, On the problem of torsion of an elastic half -space, PMM,
Vol, 19, No, 1, 1955,

Tikhonov, A,N, and Arsenin, V,Ia,, Methods of Solving Incorrect Prob-
lems, "Nauka", Moscow, 1974,

Sobolev, S,L., Schwartz algorithm in elasticity theory, Doki, Akad, Nauk
SSSR, Vol, 4 (13), No, 6 (110), 1936,

Nikol*skii, E,N,, Schwartz algorithm in elasticity theory problems for
stresses, Dokl, Akad, Nauk SSSR, Vol, 135, No, 3, 1960,

Tsvik, L.B,, Generalization of the Schwartz algorithm to the case of domains
connected without superposition, Dokl, Akad, Nauk SSSR, Vol.224,No, 2,
1975,

Grinchenko, V,T., Karnaukhov, V.G, and Senchenkov, I.K,,
State of stress and strain and heating of a viscoelastic cylinder with constraints
on the endfaces, Priki, Mekhan,, Vol, 11, No,4, 1975,

Ufliand, Ia, S,, Integral Transforms in Elasticity Theory Problems,"Nauka",
Leningrad, 1967,

Nuller, B.M,, On the generalized orthogonality relation of P, A. Schiff,



164 AN, Zlatin

i1,

18,

13,

20,

21,

22,

23,

PMM, Vol, 33, No, 2, 1969,

Yorovich, 1. L, Someresultsand problems of the asymptotic theory of plates and
shells, Materials of the First All-Union School on the Theory and Numerical
Methods of Computing Shells and Plates, Izd, Tbilisi Univ, 1975,

Orazov, M,B., On the completeness of the eigen-and associated vectors of a
self-adjoint quadratic bundle,  Funktsionalnyi Analiz i Ego Prilozheniia,
( Functional analysis and its application) Vol, 10, No. 2, 1976,

Ustinov, iu,A, and Iudovich, V.I,, On the completeness of a system of
elementary solutions of the biharmonic equation in a half-strip, PMM, Vol,
37, No, 4, 1973,

Bogy, D.B., Two edge~bounded elastic wedge of different materials and wedge
angles under surface tractions, Trans, ASME, Ser, E, J. Appl. Mech,,
Vol, 38, No, 2, 1971,

Zlatin, AN, and Ufliand, Ia,S., On the combined torsion of a cylinder
and a layer, Prikl, Mekhan,, Vol, 11, No, 4, 1975,

Grilitskii, D.V, and Poddubniak, A,P,, Torsion of a hollow circular
cylinder adhered to a two-layered elastic medium, Izv. Akad, Nauk SSSR,
Mekhan, Tverd, Tela, No, 2, 1977,

Kantorovich, L.V, and Krylov, V,I., Approximate Methods of Higher
Analysis, ( English translation), Interscience Publishers, New York and
Groningen, 1964,

Translated by M, D, F,




